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Multi-ObjectiveHypergraphPartitioningAlgorithmsfor Cutand

MaximumSubdomainDegreeMinimization ∗

NavaratnasothieSelvakkumaran GeorgeKarypis

Abstract

In this paperwe presenta family of multi-objective hypergraphpartitioningalgorithmsbasedon the multilevel

paradigm,which arecapableof producingsolutionsin which both the cutandthemaximumsubdomaindegreeare

simultaneouslyminimized.Thistypeof partitioningsarecritical for existingandemergingapplicationsin VLSI CAD

asthey allow to bothminimizeandevenly distribute theinterconnectsacrossthephysicaldevices.Our experimental

evaluationon theISPD98benchmarkshow thatour algorithmsproducesolutionsthatwhencomparedagainstthose

producedby hMETIS have amaximumsubdomaindegreethat is reducedby up to 36% while achieving comparable

quality in termsof cut.

1 Intr oduction

Hypergraphpartitioningis an importantproblemwith extensive applicationsto many areas,includingVLSI design

[5], efficient storageof largedatabaseson disks[32], informationretrieval [37], anddatamining [12, 20]. Theprob-

lem is to partitiontheverticesof a hypergraphinto k equal-sizesubdomains,suchthatthenumberof thehyperedges

connectingverticesin differentsubdomains(calledthecut) isminimized.Theimportanceof theproblemhasattracted

aconsiderableamountof researchinterestandover thelastthirty yearsavarietyof heuristicalgorithmshavebeende-

velopedthatoffer differentcost-qualitytrade-offs. Thesurvey by Alpert andKahng[5] providesadetaileddescription

andcomparisonof varioussuchschemes.Recentlyanew classof hypergraphpartitioningalgorithmshasbeen devel-

oped[11, 14, 2, 19, 4], thatarebaseduponthemultilevel paradigm.In thesealgorithms,a sequenceof successively

smallerhypergraphsis constructed.A partitioningof thesmallesthypergraphis computed.This partitioningis then

successively projectedto thenext level finer hypergraph,andat eachlevel an iterative refinementalgorithm(e.g., KL

[26] or FM [13]) is usedto furtherimprove its quality. Experimentspresentedin [2, 19, 4, 35, 3, 9, 25] have shown

thatmultilevel hypergraphpartitioningalgorithmscanproducesubstantiallybettersolutionsthanthoseproducedby

non-multilevel schemes.

However, despitethesuccessof multilevel algorithmsin producingpartitioningsin whichthe cutis minimized,this

cutisnotuniformlydistributedacrossthedifferentsubdomains.Thatis, thenumberof hyperedgesthatarebeingcutby

aparticularsubdomain(referredto asthesubdomaindegree) issignificantlyhigherthanthatcutby othersubdomains.

∗Thiswork wassupportedin partby NSFCCR-9972519,EIA-9986042,ACI-9982274,ACI-0133464,andACI-0312828;theDigital Technology
Centerat the University of Minnesota;andby the Army High PerformanceComputingResearchCenter(AHPCRC) underthe auspicesof the
Departmentof the Army, Army ResearchLaboratory(ARL) underCooperative AgreementnumberDAAD19-01-2-0014.The contentof which
doesnot necessarilyreflect the positionor the policy of the government,andno official endorsementshouldbe inferred. Accessto researchand
computingfacilitieswas providedby theDigital TechnologyCenterandtheMinnesotaSupercomputingInstitute.
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4-way 8-way 16-way 32-way 64-way
ibm01 1.27 1.55 1.60 1.70 1.76
ibm02 1.35 1.35 1.43 1.51 1.55
ibm03 1.18 1.43 1.68 1.70 1.84
ibm04 1.28 1.35 1.41 1.72 2.39
ibm05 1.16 1.17 1.24 1.33 1.41
ibm06 1.22 1.46 1.46 1.50 1.63
ibm07 1.29 1.46 1.79 1.94 2.04
ibm08 1.06 1.22 1.45 1.73 2.12
ibm09 1.09 1.23 1.65 1.91 2.31
ibm10 1.23 1.43 1.69 1.78 1.85
ibm11 1.21 1.55 1.54 1.66 2.02
ibm12 1.26 1.47 1.72 2.10 2.15
ibm13 1.31 1.81 1.66 1.91 1.85
ibm14 1.20 1.47 1.46 1.63 1.96
ibm15 1.28 1.51 1.71 1.87 2.09
ibm16 1.22 1.39 1.45 1.70 1.84
ibm17 1.18 1.42 1.52 1.80 2.13
ibm18 1.16 1.61 2.33 2.65 2.78

Table1: Theratiosof themaximumsubdomaindegreeover theaveragesubdomaindegreeof varioussolutionsfor the
ISPD98benchmark.

This is illustratedin Table1 that shows the ratiosof the maximumsubdomaindegreeover the averagesubdomain

degreeof variousk-way partitioningsobtainedfor the ISPD98benchmark[3] usingthestate-of-the-arthMETIS [22]

multilevel hypergraphpartitioningalgorithm. In many cases,the resultingpartitioningscontainsubdomainswhose

degreeis up to two timeshigherthantheaveragedegreeof theremainingsubdomains.

For many existing andemerging applicationsin VLSI CAD, producingpartitioningsolutionsthatbothminimize

the cutandalsominimize themaximumsubdomaindegreeis of greatimportance.For example,within thecontext

of partitioning-driven placement,sincethemaximumsubdomaindegreeof a partition(alsoknown asthebin degree)

canbeconsidereda lowerboundon thenumberof routingresourcesthatis required,beingableto computepartitions

thatbothminimizethenumberof interconnects(which is achieved by minimizing thecut) andalsoevenly distribute

theseinterconnectsacrossthe physicaldevice to eliminatehigh densityinterconnectregions(which is achieved by

minimizingthemaximumsubdomaindegree)cansignificantlyreducethepeakdemandof routingresourcesandthus,

help in reducingthe peakcongestion[17, 38]. Similarly, in the context of multi-chip configurations,a partitioned

designcannotbemappedon to a setof chips,if thereis a partitionthatexceedsthenumberof availableI/O pins.For

example,in the multi-chip configurationshown in Figure1, if the degreeof a subdomainexceeds20, it cannotbe

mappedto any of theavailablechips. To addressthis problem,techniquesbasedon pin-multiplexing have beende-

veloped[6] that allow multiplesignalsto gothroughthesameI/O pinsby usingtimedivisionmultiplexing. However,

thisapproachreducesthespeedatwhichthesystemcanoperate(dueto timedivision)andincreasestheoverallsystem

design(dueto theextra logic requiredfor themultiplexing). However, thecostsassociatedwith pin-multiplexing can

besignificantlyreducedandeveneliminatedby computinga decompositionthatsignificantlyreducesthemaximum

numberof I/O pinsrequiredby any givenpartition.

In this paperwe presenta family of hypergraphpartitioningalgorithmsbasedon the multilevel paradigmthat

arecapableof producingsolutionsin which both the cutand the maximumsubdomaindegreearesimultaneously

minimized.Our algorithmstreattheminimizationof themaximumsubdomaindegreeasa multi-objectiveoptimiza-
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Figure1: An exampleof multi-chipsystemswith grid interconnecttopology

tion problemthat is solved oncea high-quality, cut based,k-way partitioninghasbeenobtained.Toward this goal,

we presenthighly effectivemulti-objectiverefinementalgorithmsthatarecapableto producesolutionsthatexplicitly

minimizethemaximumsubdomaindegreeandensurethat the cutdoesnot significantlyincrease.This approachhas

a numberof inherentadvantages.First, by building upona cut-basedk-way partitioning,it leveragesthehugebody

of existing researchon this topic, andit canbenefitfrom future improvements.Second,becausethe initial k-way

solutionis of extremelyhigh-quality, it allows thealgorithmto focusonminimizing themaximumsubdomaindegree

withoutbeingoverlyconcernedaboutthe cutof thefinal solution.Finally, it providesauser-adjustableandpredictable

framework in which theusercanspecifyhow much(if any) deteriorationon the cutheor sheis willing to toleratein

orderto reducethemaximumsubdomaindegree.We experimentallyevaluatedtheperformanceof thesealgorithms

on theISPD98[3] benchmarkandcomparedthemagainstthesolutionsproducedby hMETIS [22]. Our experimental

resultsshow thatour algorithmsarecapableof producingsolutionswhosemaximumsubdomaindegreeis lower by

5% to 36%while producingcomparablesolutionsin termsof cut. Moreover, thecomputationalcomplexity of these

algorithmsis relatively low, requiringon theaverageno morethantwice theamountof time requiredby hMETIS in

mostcases.

Therestof thepaperis organizedasfollows. Section2 providessomedefinitions,describesthenotationthat is

usedthroughoutthepaper, andprovidesa brief descriptionof themultilevel graphpartitioningparadigm.Section3

discussesthe variousissuesarisingwith minimizing the maximumsubdomaindegreeandformally definesthe two

multi-objective formulationsusedin this paper. Sections4 and 5 describethe direct and aggressivemulti-phase

refinementalgorithmsthatwe developedto simultaneouslyminimizethemaximumsubdomaindegreeandthe cutof

the resultingpartitioning. Section6 experimentallyevaluatesthesealgorithmsandcomparesthemagainsthMETIS.

Finally, Section7 providessomeconcludingremarksandoutlinesdirectionsof futureresearch.

2 Definitions and Notation

A hypergraphG = (V, E) is a setof verticesV anda setof hyperedgesE. Eachhyperedgeis a subsetof thesetof

verticesV . Thesizeof a hyperedgeis thecardinalityof this subset.A vertex v is saidto be incidenton a hyperedge

e, if v ∈ e. Eachvertex v andhyperedgee hasaweightassociatedwith themandthey aredenotedby w(v) andw(e),

respectively.

A decompositionof V into k disjoint subsetsV1, V2, . . . , Vk, suchthat
⋃

i Vi = V is calleda k-waypartitioning
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of V . We will usethe termssubdomainor partition to refer to eachoneof thesek sets. A k-way partitioningof

V is denotedby a vectorP suchthat P [i] indicatesthe partition numberthat vertex i belongsto. We say that a

k-way partitioningof V satisfiesa balancingconstraint specifiedby [l, u], wherel < u, if for eachsubdomainV i,

l ≤
∑

v∈Vi
w(v) ≤ u. The cut of a k-way partitioningof V is equalto the sumof the weightsof the hyperedges

that containverticesfrom differentsubdomains.The subdomaindegreeof V i is equalto thesumof theweightsof

thehyperedgesthatcontainat leastonevertex in V i and onevertex in V − Vi. Themaximumsubdomaindegreeof a

k-waypartitioningis thehighestsubdomaindegreeover all k partitions.Thesum-of-external-degrees(abbreviatedas

SOED)of a k-way partitioningis equalto thesumof thesubdomaindegreesof all thepartitions.A net is saidto be

exposedw.r.t. a subdomainwhenit contributesto its degree.

Given a k-way partitioningof V anda vertex v ∈ V thatbelongsto partitionV i, its internal degreedenotedby

IDi(v) is equalto thesumof theweightsof its incidenthyperedgesthatcontainonly verticesfrom V i, andits external

degreewith respectto partitionVj denotedby EDj(v) is equalto thesumof theweightsof its incidenthyperedges

whoseall remainingverticesbelongto partitionVj .

Thek-wayhypergraphpartitioningproblemis definedasfollows.GivenahypergraphG = (V, E) andabalancing

constraintspecifiedby [l, u], computea k-way partitioningof V suchthat it satisfiesthe balancingconstraintand

minimizesthecut. The requirementthat thesizeof eachpartitionsatisfiesthebalancingconstraintis referredto as

thepartitioning constraint, andtherequirementthata certainfunctionis optimizedis referredto asthepartitioning

objective.

2.1 The Multile vel Paradigm for Hypergraph Partitioning

The key ideabehindthe multilevel approachfor hypergraphpartitioningis fairly simpleandstraightforward. Mul-

tilevel partitioningalgorithms,insteadof trying to computethepartitioningdirectly in theoriginal hypergraph,first

obtaina sequenceof successive approximationsof theoriginal hypergraph.Eachoneof theseapproximationsrepre-

sentsa problemwhosesizeis smallerthanthesizeof theoriginalhypergraph.This processcontinuesuntil a level of

approximationis reachedin whichthehypergraphcontainsonly a few tensof vertices.At thispoint,thesealgorithms

computea partitioningof that hypergraph. Sincethesizeof this hypergraphis quite small, evensimplealgorithms

suchasKernighan-Lin(KL) [26] or Fiduccia-Mattheyses(FM) [13] leadto reasonablygoodsolutions.Thefinal step

of thesealgorithmsis to takethepartitioningcomputedat thesmallesthypergraphanduseit to derive apartitioningof

theoriginalhypergraph.Thisis usuallydoneby propagatingthesolutionthroughthesuccessivebetterapproximations

of thehypergraphandusingsimpleapproachesto furtherrefinethesolution.

In themultilevel partitioningterminology, theaboveprocessis describedin termsof threephases.Thecoarsening

phase, in which thesequenceof successively approximatehypergraphs(coarser) is obtained,the initial partitioning

phase, in which the smallesthypergraphis partitioned,and the uncoarseningand refinementphase, in which the

solutionof thesmallesthypergraphis projectedto thenext level finer graph,andat eachlevel an iterative refinement

algorithmsuchasKL or FM is usedto furtherimprovethequalityof thepartitioning.Thevariousphasesof multilevel

approachin thecontext of hypergraphbisectionareillustratedin Figure2.

This paradigmwas independentlystudiedby Bui andJones[8] in the context of computingfill-reducingmatrix

reordering,by HendricksonandLeland[15] in the context of finite elementmesh-partitioning,andby Hauckand

Borriello [14] (calledOptimizedKLFM), andbyCongandSmith[11] for hypergraphpartitioning.KarypisandKumar

extensivelystudiedthisparadigmin [23, 21, 24] for thepartitioningof graphs.They presentednovel graphcoarsening

schemesandthey showedbothexperimentallyandanalyticallythatevena goodbisectionof thecoarsestgraphalone
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Figure2: The variousphasesof the multilevel hypergraphbisection. During the coarseningphase,the sizeof the
hypergraphis successively decreased;during the initial partitioningphase,a bisectionof the smallerhypergraphis
computed;andduringtheuncoarseningandrefinementphase,thebisectionis successively refinedasit is projectedto
thelargerhypergraphs.Duringtheuncoarseningandrefinementphase,thedashedlinesindicateprojectedpartitionings
anddarksolid linesindicatepartitioningsthatwereproducedafterrefinement.

is alreadyaverygoodbisectionof theoriginalgraph.Thesecoarseningschemesmadetheoverallmultilevel paradigm

very robustandmadeit possibleto usesimplifiedvariantsof KL or FM refinementschemesduringtheuncoarsening

phase,which significantlyspeededup the refinementprocesswithout compromisingoverall quality. METIS [23], a

multilevel graphpartitioningalgorithmbaseduponthis work, routinely finds substantiallybetterpartitioningsthan

otherpopulartechniquessuchasspectral-basedpartitioningalgorithms[28, 7], in a fractionof the time requiredby

them.Karypiset al [19] extendedtheirmultilevel graphpartitioningwork to hypergraphpartitioning.ThehMETIS [22]

packagecontainsmany of thesealgorithmsandhavebeenshown toproducehigh-qualitypartitioningsfor awide-range

of circuits.

3 Minimizing the Maximum SubdomainDegree

Therearetwo differentapproachesfor computingak-waypartitioningof a hypergraph.Oneis basedonrecursivebi-

sectioningandtheotherondirectk-waypartitioning[18]. In recursivebisectioning,theoverallpartitioningis obtained

by initially bisectingthe hypergraphto obtaina two-way partitioning. Then,eachof thesepartsis furtherbisected

to obtaina four-way partitioning,andso on. Assumingthat k is a power of two, thenthe final k-way partitioning

canbeobtainedin log(k) suchsteps(or afterperformingk − 1 bisections).In this approach,eachpartitioningstep

usuallytakesinto accountinformationfrom only two partitions,andassuchit doesnot have sufficient information

to explicitly minimize the maximumsubdomaindegreeof the resultingk-way partitioning. In principle,additional

informationcanbepropagateddown at eachbisectionlevel to accountfor thedegreesof thevarioussubdomains.For

example,duringeachbisectionstep,thechangein thedegreesof theadjacentsubdomainscanbetakeninto account
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(eitherexplicitly or via variationsof terminal-propagation-basedtechniques[16]) to favor solutionsthat in addition

to minimizing the cutalsoreducethesesubdomaindegrees.However, the limitation of suchapproachesis that they

end-upover-constrainingtheproblembecausenotonly they try to reducethemaximumsubdomaindegreeof thefinal

k-waypartitioning,but they alsotry to reducethemaximumdegreeof theintermediatelower-k partitioningsolutions.

For this reason,approachesbasedon direct k-way partitioningarebettersuitedfor the problemof minimizing

the maximumsubdomaindegree,asthey provide a concurrent view of the entirek-way partitioningsolution. The

ability of directk-way partitioningto optimizeobjective functionsthatdependon knowing how thehyperedgesare

partitionedacrossall k partitionshasbeenrecognizedby variousresearchers,anda numberof differentalgorithms

have been developedto minimize objective functionssuchas the sum-of-external-degrees,scaledcost, absorption

etc. [30, 5, 10, 25, 34]). Moreover, direct k-way partitioningcanpotentiallyproducemuchbettersolutionsthana

methodthatcomputesak-waypartitioningvia recursivebisection.In fact,in thecontext of acertainclassesof graphs

it was shown thatrecursivebisectioningcanbeup to anO(log n) factorworsethantheoptimalsolution[33].

However, despitethe inherentadvantageof direct k-way partitioning to naturallymodel much morecomplex

objectives,andthe theoreticalresultswhich suggestthat it canleadto superiorpartitioningsolutions,a numberof

studieshave shown thatexisting directk-way partitioningalgorithmsfor hypergraphs,producesolutionsthatarein

generalinferior to thoseproducedvia recursivebisectioning[30, 10, 25, 34]. Theprimaryreasonfor thatis thefactthat

computationallyefficient k-way partitioningrefinementalgorithmsareoften trappedinto local minima,andusually

requiremuchmoresophisticatedandexpensiveoptimizersto climb outof them.

To overcometheseconflictingrequirementsandcharacteristics,ouralgorithmsfor minimizingthemaximumsub-

domaindegreecombinethebestfeaturesof therecursive bisectioninganddirectk-way partitioningapproaches.We

achieve this by treatingthe minimizationof the maximumsubdomaindegreeas a post-processingproblemto be

performedoncea high-qualityk-way partitioninghasbeenobtained. Specifically, we useexisting state-of-the-art

multilevel-basedtechniques[19, 22] to obtainaninitial k-way solutionvia repeatedbisectioning,andthenrefinethis

solutionusingvariousk-waypartitioningrefinementalgorithmsthat(i) explicitly minimizethemaximumsubdomain

degree,(ii) ensurethat the cutdoesnot significantly increase,and(iii) ensurethat the balancingconstraintsof the

resultingk-waypartitioningaresatisfied.

This approachhasa numberof inherentadvantages.First, by building upona cut-basedk-way partitioning,it

leveragesthehugebodyof existing researchon this topic, andit canbenefitfrom future improvements.Second,in

termsof cut, its initial k-waysolutionis of extremelyhigh-quality;thus,allowing usto primarily focusonminimizing

the maximumsubdomaindegreewithout beingoverly concernedaboutthe cutof the final solution(aslong asthe

partitioningis not significantlyperturbed).Third, it allows for a user-adjustableandpredictableframework in which

theusercanspecifyhow much(if any) deteriorationon the cutheor sheis willing to toleratein orderto reducethe

maximumsubdomaindegree.

To actuallyperformthemaximumsubdomain-degreefocusedk-wayrefinementwedevelopedtwo classesof algo-

rithms.Bothof themtreattheproblemasamulti-objectiveoptimizationproblembut they differonthestartingpointof

thatrefinement.Thefirst algorithmcalled“Direct Multi-PhaseRefinement”directlyoptimizesthemulti-objectivecost

usingk-wayV-cycleframework [19], while thesecondalgorithmcalled“AggressiveMulti-PhaseRefinement”utilizes

refinementstrategiesthatenablelargescaleperturbationsof thesolutionspace.Detailson theexactmulti-objective

formulation is provided in the rest of this sectionand the two refinementalgorithmsare describedin subsequent

sections.
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Figure3: An examplein which theobjectivesof maximumsubdomaindegreeandcut arein conflict with eachother.
LetssayVi is thesubdomainwith themaximumdegree.If v is moved to eitherV q or Vr it will increasethe cuteither
by oneor three,respectively. Howeverbothmoves will reducethemaximumsubdomaindegreeby two (5+3-6).

3.1 Multi-Objecti ve ProblemFormulation

In general,theobjectivesof producingak-way partitioningthatbothminimizethe cutandthemaximumsubdomain

degreearereasonablywell correlatedwith eachother, as the partitioningswith low cutswill alsotendto have low

maximumsubdomaindegrees.However, this correlationis not perfect,andthesetwo objectives canactuallybe at

oddswith eachother. That is, a reductionin the maximumsubdomaindegreemay only be achieved if the cutof

thepartitioningis increased.This situationariseswith verticesthatareadjacentto verticesthatbelongto morethan

two subdomains.For example,considera vertex v that belongsto themaximumdegreepartitionV i andlet Vq and

Vr betwo otherpartitionssuchthatv is connectedto verticesin V i, Vq, andVr. Now, if EDq(v) − IDi(v) < 0 and

EDr(v)− IDi(v) < 0, thenthemoveof v to eitherpartitionsVq or Vr will increasethe cutbut if EDq(v) + EDr(v)−

IDi(v) > 0, thenmoving v to eitherVq or Vr will actuallydecreaseVi’s subdomaindegree. Onesuchscenariois

illustratedin Figure3, in which vertex v from partitionV i is connectedto verticesx, y, andz of partitionsVi, Vq and

Vr, respectively, andtheweightsof therespective edgesare6, 5,and3. Moving vertex v from partitionV i to either

partitionsVq or Vr will reducethesubdomaindegreeof Vi; however, eitherof thesemoves will increasetheoverall

cut of thepartitioning. For example,if v moves to Vq, thesubdomaindegreeof Vi will reducefrom 8 to 6, whereas

theoverall cut will increasefrom 8 to 9. This discussionsuggeststhat in orderto developeffective algorithmsthat

explicitly minimizethemaximumsubdomaindegreeandthecut,thesetwo objectivesneedto becoupledtogetherinto

a multi-objectiveframework that allows theoptimizationalgorithmto intelligentlyselectthepreferredsolution.

The problemof multi-objective optimizationwithin the context of graphandhypergraphpartitioninghasbeen

extensively studiedin theliterature[31, 1, 36, 29, 27] andtwo generalapproacheshavebeen developedfor combining

multiple objectives. The first approachkeepsthe different objectives separateand couplesthem by assigningto

themdifferentpriorities. Essentiallyin this scheme,a solutionthatoptimizesthehighestpriority objective themost

is alwayspreferredandthe lower priority objectives areusedas tie-breakers (i.e., usedto selectamongequivalent

solutionsin termsof thehigherpriority objectives).Thesecondapproachcreatesanexplicit multi-objective function

that numericallycombinesthe individual functions. For example,a multi-objective functioncanbe obtainedasthe

weightedsumof theindividualobjectivefunctions.In thisscheme,thechoiceof theweightvaluesis usedto determine

therelativeimportanceof thevariousobjectives.Oneof theadvantagesof suchanapproachis thatit tendsto produce

somewhatmorenaturalandpredictablesolutionsasit will prefersolutionsthattoacertainextent,optimizeall different

objective functions.

In ouralgorithmsweusedbothof thesemethodsto combinethetwo differentobjectives.Specifically, ourpriority-
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basedschemeproducesamulti-objectivesolutionin whichthemaximumsubdomaindegreeis thehighestpriority ob-

jectiveandthe cutis thesecondhighest.Thischoiceof prioritieswasmotivatedby thefactthatwithin ourframework,

thesolutionis alreadyata localminimain termsof cut; thus,focusingonthemaximumsubdomaindegreeis anatural

choice.

Ourcombiningmulti-objectivefunctioncouplesthedifferentobjectivesusingtheformula

Cost= α(MaximumDegree)+ Cut, (1)

whereMaximumDegreeis themaximumsubdomaindegree,Cut is thehyperedgecut,andα is auser-specifiedweight

indicatingtheimportanceof maximumsubdomaindegreerelativeto thecut. Selectingthepropervalue ofthisparame-

ter is, in general,problemdependent.As discussedearlier, in many casesthemaximumsubdomaindegreecanbeonly

reducedby increasingtheoverall cut of thepartitioning. As a result,in orderfor Equation1 to provide meaningful

maximumsubdomaindegreereduction,α shouldbegreaterthan1.0. Moreover, sincethe cutworseningmoves that

leadto improvementsin themaximumsubdomaindegreearethosein which themoved verticesareconnectedto ver-

ticesof differentpartitions(i.e., cornervertices),thenthevalueα shouldbe anincreasingfunctionon thenumberof

partitionsk; thus,allowing for themovementof verticesthatareadjacentto many subdomains(aslongassuchmoves

reducethe maximumsubdomaindegree). The sensitivity on theseparametersis furtherstudiedin the experiments

shown in Section6.

In addition,in bothof theseschemes,webreaktiesin favor of solutionsthatleadto lowersum-of-external-degrees.

This was motivatedby thefactthat lower SOEDsolutionsmayleadto subsequentimprovementsin eitheroneof the

mainobjective functions.Also, if a gainof themove is tied evenafterconsideringSOED,theability of themove to

improveareabalancingis consideredfor tie breaking.

4 Dir ect Multi-Phase Refinement

Our first k-way refinementalgorithmfor themulti-objective problemformulationsdescribedin Section3.1 is based

on themulti-phaserefinementapproachimplementedby hMETIS andwas initially describedin [19]. Theideabehind

multi-phaserefinementis quite simple. It consistsof two phases,namelya coarseningandan uncoarseningphase.

The uncoarseningphaseis identical to the uncoarseningphaseof the multilevel hypergraphpartitioningalgorithm

[19]. Thecoarseningphase,calledrestrictedcoarsening[19], however issomewhatdifferent,asit preservestheinitial

partitioningthat is input to thealgorithm.Given a hypergraphG anda partitioningP , duringthecoarseningphasea

sequenceof successively coarserhypergraphsandtheir partitioningsis constructed.Let (G i, Pi) for i = 1, 2, . . . , m,

bethesequenceof hypergraphsandpartitionings.Given ahypergraphG i andits partitioningPi, restrictedcoarsening

will collapseverticestogetherthatbelongto only oneof the two partitions. ThepartitioningP i+1 of thenext level

coarserhypergraphGi+1 is computedby simply inheritingthepartitionfrom G i. By constructingGi+1 andPi+1 in

this way we ensurethatthenumberof hyperedgescut by thepartitioningis identicalto thenumberof hyperedgescut

by Pi in Gi.

Thesetof verticesto becollapsedtogetherin this restrictedcoarseningschemecanbeselectedby usingany of

the coarseningschemesthat have beenpreviously developed [19]. In our algorithm,we usethe first-choice(FC)

scheme[25] as our default, sinceit leadsto thebestoverall solutions[22]. TheFC schemeis derived by modifying

the commonlyusededge-coarseningscheme. In the edge-coarseningscheme,a vertex is randomlyselectedand
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it is mergedwith a highly connectedandunmatchedneighbor. The connectivity to the neighborsis estimatedby

representingeachhyperedgeby acliqueof edgeseachwith theweightof w(e)/(|e| − 1) andby summingtheweights

of edgescommonto eachneighborandthevertex in consideration.TheFC coarseningschemeis derived from the

edge-coarseningschemeby relaxingthe requirementthat a vertex is matchedonly with anotherunmatchedvertex.

Specifically, in theFC coarseningscheme,theverticesareagainvisitedin a randomorder. However, for eachvertex

v, all vertices(bothmatchedandunmatched)thatbelongto hyperedgesincidentto v areconsidered,andtheonethat

is connectedvia theedgewith thelargestweightis matchedwith v, breakingtiesin favor of unmatchedvertices.The

FC schemetendsto remove alargeamountof theexposedhyperedge-weightin successive coarsehypergraphs,and

thus,makesit easyto find high-qualityinitial partitioningsthatrequirelittle refinementduringtheuncoarseningphase.

Due to the randomizationin the coarseningphase,successive runsof the multi-phaserefinementalgorithmcan

leadto additionalimprovementsof the partitioningsolution. For this reason,in our algorithmwe performmultiple

suchiterationsandtheentireprocessis stoppedwhenthesolutionquality doesnot improve in successive iterations.

Suchanapproachis identicalto theV -cycle refinementalgorithmusedby hMETIS [22].

The actualk-way partitioningrefinementat a given level during the uncoarseningphaseis performedusinga

greedyalgorithmthat is motivatedby a similar algorithmusedin thedirectk-way partitioningalgorithmof hMETIS.

Moreprecisely, thegreedyk-way refinementalgorithmworksasfollows. Considera hypergraphG = (V, E), andits

partitioningvectorP . Theverticesarevisitedin a randomorder. Let v besucha vertex, let P [v] = a bethepartition

thatv belongsto. If v is a nodeinternalto partitiona thenv is not moved. If v is at theboundaryof thepartition,

thenv canpotentiallybemoved to oneof the partitionsN(v) that verticesadjacentto v belongto (thesetN(v) is

oftenreferredto astheneighborhoodof v). Let N ′(v) be thesubsetof N(v) that containsall partitionsb suchthat

movementof vertex v to partitionb doesnot violatethebalancingconstraint.Now thepartitionb ∈ N ′(v) thatleads

to thegreatestpositivereductionin themulti-objectivefunctionis selectedandv is moved to thatpartition.

5 AggressiveMulti-Phase Refinement

Oneof thepotentialproblemswith themulti-objectiverefinementalgorithmdescribedin Section4 is thatit is limited

to the extent in which it canmake large-scaleperturbationson the initial k-way partitioningproducedby the cut-

focusedrecursive-bisectioningalgorithm. This is dueto the combinationof two factors. First, the greedy, non-hill

climbing natureof its refinementalgorithmlimits the perturbationsthat areexplored,andsecond,sinceit is based

on an FM-derived framework, it is constrainedto make moves that do not violate the balancingconstraintsof the

resultingsolution. As a result(shown later in our experiments(Section6)), it tendsto producesolutionsthat retain

thelow-cut characteristicsof theinitial k-way solution,but it doesnot significantlyreducethemaximumsubdomain

degree.Ideally, we will like amulti-objective refinementalgorithmthat is capableof effectively exploring theentire

spaceof possiblesolutionsin orderto selecttheonethatbestoptimizestheparticularmulti-objectivefunction.

Toward this goal, we developedtwo multi-objective refinementalgorithmsthat allows large-scaleperturbations

of thepartitioningproducedby therecursive bisectioningalgorithm. Thesealgorithmsaredescribedin detail in the

following sections.
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5.1 Bottom-Up AggressiveMulti-phase Refinement

Thefirst algorithm,referredto asbottom-upaggressivemulti-phaserefinement, consistsof five majorsteps(outlined

in Figure4) andoperates asfollows.

In the first step,given the initial k-way partitioning,the algorithmproceedsto further subdivide eachof these

partitionsinto 2l parts(wherel is a userspecifiedparameter).Thesesubdivisionsareperformedusinga min-cut

hypergraphpartitioningalgorithm,resultingin ahigh-qualityfine-grainpartitioning.Duringthesecondstep,this2 lk-

way partitioningis refinedusingthedirect multi-phaserefinementalgorithmdescribedin Section4 to optimizethe

particularmulti-objective function. Eachof theresulting2 lk partitionsarethencollapsedinto singlenodes,thatwe

will referto themasmacro nodes.

During thethird step,a k-way partitioningof thesemacronodesis computedsuchthateachpartitionhasexactly

2l macronodes.Thegoalof this macro-nodepartitioningis to obtainan initial partitioningthat haslow maximum

subdomaindegreeandis achieved bygreedilycombiningmacronodesthatleadto thesmallestmaximumsubdomain

degreeasfollows. For eachpair of macro-nodesu i anduj (i < j), let vi,j bethenodeobtainedby mergingu i and

uj , andlet deg(ui) anddeg(vi,j) bethedegreesof macro-nodeu i andmergednodevi,j , respectively. For l = 1, the

algorithmordersall possiblemacro-nodepairsin non-increasingorderbasedonthemaximumdegreeof its constituent

macro-nodes(i.e., for eachpairv i,j it considersmax{deg(ui), deg(uj)}) andthemacro-nodepairsthathavethesame

maximumdegreeareorderedin non-decreasingorderof their resultingdegree(i.e., for eachpair v i,j it considers

deg(vi,j)). Thealgorithmthentraversesthelist in thatorderto identify thepairsof unmatchedmacro-nodesto form

theinitial partitioning. As a resultof this traversalorder, thealgorithmprovidesthehighestflexibility to themacro-

nodesthat have high degreeand tries to combinethemwith the macro-nodesthat will lead to pairs that have the

smallestdegree. However, for l > 1, sincea direct extensionof suchan approachis not computationallyfeasible

(the numberof combinationsthat needsto be consideredincreasesexponentiallywith l), the algorithmobtainsthe

partitioningin a bottom-upfashionby repeatedlyapplyingtheaboveschemel times.In addition,aftereachroundof

pairings,themacro-node-level partitioningis furtherrefinedby applyinga pair-wisemacro-nodeswappingalgorithm

describedin Section5.1.1.

In the fourthstep,thequality in termsof theparticularmulti-objective functionof theresultingmacro-nodelevel

partitioningis improved usinga pair-wise macro-nodeswappingalgorithm(describedin Section5.1.1). This algo-

rithm operatesat themacro-nodelevel andselectstwo macro-nodes,eachonefrom a differentpartition,andswaps

thepartitionsthatthey belongsothatto improvetheoverallqualityof thesolution.Sinceby construction,eachmacro

nodeis approximatelyof thesamesize,suchswapsalmostalwaysleadto feasiblesolutionsin termsof thebalance

constraint.Theuseof sucharefinementalgorithmwas theprimarymotivationbehindthedevelopmentof theaggres-

sivemulti-phasealgorithmasit allows usto movelargeportionsof thehypergraphbetweenpartitionswithouthaving

to eitherviolate the balancingconstraintsor rely on a sequenceof small vertex-moves in orderto achieve thesame

effect. Moreover, becauseby construction,eachmacro-nodecorrespondsto a goodcluster(asopposedto a random

collectionof nodes)suchswapscanindeedleadto improved qualityveryefficiently.

Finally, in thefifth step,themacro-nodebasedpartitioningis usedto inducea partitioningof theoriginal hyper-

graph,which is thenfurtherimproved usingthedirectmulti-phaserefinementalgorithmdescribedin Section4.
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macro nodes

is there k nodes?

Figure4: Thevariousstepsof thebottom-upaggressivemulti-phaserefinementalgorithm.
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5.1.1 Macro-nodePartitioning Refinement

We developedtwo algorithmsfor refininga partitioningsolutionat the macro-nodelevel. The differencesbetween

the two algorithmsarethe methodusedto identify the pairsof macronodesto be swappedandthe policy usedin

determiningwhetheror not a particularswapwill beaccepted.Detailson thesetwo schemesareprovidedin thenext

two sections.

RandomizedPair-wiseNodeSwapping In this scheme,two nodesbelongingto differentpartitionsarerandomly

selectedandthequalityof thepartitioningresultingby theirswapis evaluatedin termsof theparticularmulti-objective

function.If thatswapleadsto a bettersolution,theswapis performed,otherwiseit is not. Swapsthatdo not improve

or degradethe particularmulti-objective function arealsoallowed, asthey often introducedesirableperturbations.

Theprimarymotivationfor this algorithmis its low computationalcomplexity, andin practiceit producesvery good

results.Also, whentherearetwo nodespersubdomain,therandomizedpair-wisenodeswappingcanbedonequite

efficiently by pre-computingthe cutanddegreeof all possiblepairingsandstoringthemin a 2D table.This loop-up

basedswappingtakeslessthanonesecondto evaluatethecostof onemillion swapsona1.5GHzworkstation.

Coordinated Sequenceof Pair-wiseNodeSwaps Oneof thelimitationsof thepreviousschemeis thatit lacksthe

ability to climb out of local minimaasit doesnot allow any swapsthatdecreasethevalue oftheobjective function.

To overcomethis problem,we developeda heuristicrefinementalgorithmthatcanbeconsideredanextensionof the

classicalKernighan-Linalgorithm[26] for k-way refinementthatoperates asfollows.

The algorithmconsistsof a numberof iterations. During eachiteration it identifiesand performsa sequence

of macro-nodesswapsthat improve the value ofthe objective function andterminateswhenno suchsequencecan

be identifiedwithin a particulariteration. Eachof theseiterationsis performedas follows. Let k be the number

of partitions,m the numberof macro-nodes,andq = m/k the numberof macro-nodesper partition. Sinceeach

macro-nodev in partitionVi canbeswappedwith any macro-nodebelongingto a differentpartition,therearea total

of m(m − q) possiblepairsof macro-nodesthatcanbeswapped.For eachof theseswaps,thealgorithmcomputes

the improvementin the value ofthe objective function(i.e., thegain) achieved by performingit, andinsertsall the

m(m− q) possibleswapsinto amax-priorityqueuebasedonthisgainvalue.Thenit proceedsto repeatedly(i) extract

from this queuethemacro-nodepair whoseswapleadsto thehighestgain,(ii) modify thepartitioningby performing

themacro-nodeswap,(iii) recordthecurrentvalue oftheobjective function,and(iv) updatethegainsof themacro-

nodepairsin thepriority queueto reflectthenew partitioning.Oncethepriority queuebecomesempty, thealgorithm

determinesthepointwithin this sequenceof swapsthatresultedin thebestvalue oftheobjective functionandreverts

theswapsthat it performedafter thatpoint. An outlineof thesingleiterationof this “hill-climb swap” algorithmis

presentedin Algorithm 1.

Due to the global natureof the maximumsubdomaindegreecost, if a macro-nodeswap changesthe value of

the maximumsubdomaindegree,the gainsof all the pairwiseswapsthat arestill in the priority queueneedsto be

recomputed.However, if aswap doesnotchangethevalue ofthemaximumsubdomaindegree,thenonly thegainsof

themacro-nodepairsthatcontainnodesadjacentto thosebeingswappedneedto berecomputed.Sinceonly a small

fraction of the swapswill endup changingthe value of the maximumsubdomaindegree,the costof updatingthe

priority queueis relatively small. Despitethis, sincethealgorithmneedsto evaluateall m(m − q) possiblepairsof

swaps,its runtimecomplexity is significantlyhigherthanthatof therandomizedswappingalgorithm.

It is easyto seethatthis algorithmis quitesimilar in spirit to theKernighan-Linalgorithmwith thekey difference
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Algorithm 1 Hill-climbing algorithmfor identifyinga sequenceof pair-wisemacronodeswapsto reacha lowercost

Computeinitial gainvaluesfor all possiblepairs
Insertthemin a priority queue

while Pairsexist in priority queuedo
Popthehighestgainpair
Make theswap
“Lock” thepair

if Costis minimumthen
Recordroll backpoint
Recordnew minimumcost

end if

if Maximumsubdomaindegreechangedthen
Updatethegainvaluesof all pairsremainingin priority queue.

else
Updatethegainvaluesof affectedpairsremainingin priority queue.

end if
end while

Roll backto minimumcostpoint (i.eundoall swapsaftertheminimumcostpoint in reverseorder)

beingthatthepriority queuestorestheeffectof apairwisemacro-nodeswapasopposedto theeffectof asinglevertex

move. This swapping-basedview allows this algorithmto operatefor anarbitrarynumberof partitionsk.

5.2 Top-Down AggressiveMulti-Phase Refinement

Thekey parameterof theaggressive refinementschemedescribedin Section5.1 is thevalue ofl, which controlsthe

granularityof themacro-nodesthatareused.Theeffectivenessof theoverallrefinementapproachcanbeaffectedboth

for small aswell aslargevaluesof l. Smallvaluesmayleadto largemacro-nodeswhoseswapsdo not improve the

quality, whereaslargevaluesmayleadto smallmacro-nodesthatrequirea coordinatedsequenceof swapsto achieve

thedesiredperturbations.Moreover, largevaluesof l have theadditionaldrawbackof increasingtheoverall runtime

of thealgorithmasit requiresmoretime to obtaintheinitial clustersandmorerefinementtime.

In developingthe bottom-upaggressive multi-phaserefinementalgorithmwe initially expectedthat its perfor-

mancewill continueto improve aswe increasethe value ofl, until the point at which the sizeof the macro-nodes

will becomesosmallsothatthismacro-nodebasedpartitioningdoesnotprovideany advantagesover theunclustered

hypergraph.Ourexperimentalresults(presentedlaterin Section6) partiallyverifiedthis intuition but alsoshowedthat

thepoint afterwhich we obtainno improvementsis actuallymuchhigherfrom whatwe hadexpected.In particular,

our resultswill show that as l increasesfrom zero to two, the bottom-upschemecanachieve progressively better

results,but its performancefor l ≥ 3 is actuallyworsethanthatfor l = 2. In analyzingthis behavior we realizedthat

thereis anotherparameterthataffectstheeffectivenessof this schemeandhasto do with thebottom-upnatureof the

k-waypartitioningthatis computedin thethird stepof thealgorithm.

Recall from Section5.1 that for l > 1 the k-way macro-nodepartitioningis computedby repeatedlymerging

successively largerpartitions,followedby a swapping-basedrefinement.For example,whenl = 3, we first merge

pairsof macro-nodesto obtaina 4k-way partitioning,thenmerge thesepartitionsto obtaina 2k-way partitioning,
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andfinally obtainthe desiredk-way partitioningby merging these2k partitions. Moreover, betweenthesemerging

operationsweapplytheswap-basedrefinementto optimizetheoverallqualityof the4k-, 2k-, andk-waypartitioning.

The problemwith this approacharisesfrom the fact that aswe move from the 8k macro-nodesto a 4k-, 2k-, and

k-waypartitioningweoptimizetheintermediatesolutionssothatthey minimizetheir respectivemaximumsubdomain

degree. However, the maximumsubdomaindegreeat the 4k-way (or 2k-way) partitioning level may not directly

affect the maximumsubdomaindegreeat the desiredk-way partitioninglevel. In fact, dueto the heuristicnature

of therefinementstrategies,the fact that theseintermediatemaximumsubdomaindegreeshave beenoptimizedmay

reduceourability to obtainlow maximumsubdomaindegreesat thek-way level. Thus,aninherentproblemwith the

bottom-upschemeis thefactthatit endsupspendingalot of timerefiningintermediatesolutionsthatmaynotdirectly

or indirectly benefitour ultimate objective, which is to obtaina k-way partitioning that minimizesthe maximum

subdomaindegree.

Having taken cognizanceof this phenomenon,we devisedanotheraggressive multi-phaserefinementalgorithm

thatemploys a top-down framework, which allows it to alwaysoptimizetheobjective functionwithin thecontext of

thek-way partitioningsolution. Theoverall structureof thealgorithmis shown in Figure5 andsharesmany of the

characteristicsof thebottom-upalgorithm.In particular, thelasttwo stepsof thesealgorithmsareidenticalanddiffer

only in thefirst threesteps,outof which thethird steprepresentsthekey conceptualdifference.

The top-down algorithmstartsby computinga k-way partitioningthat minimizesthe cutusingrecursive bisec-

tioningandit furtherrefinesthesolutionusingthedirectmulti-phaserefinementalgorithmof Section4 thattakesinto

considerationthe multi-objective natureof the problem. During the third stepit performsl levels of aggressivere-

finementby repeatedlycreatingmacro-nodesandswappingthembetweenthek partitions.Specifically, duringtheith

refinementlevel, it splitseachoneof thek partitionsinto 2 i sub-partitions(resultingin a total of 2ik sub-partitions),

createsamacronodefor eachsub-partition,andoptimizestheoverallk-waysolutionbyapplyingaswap-basedmacro-

noderefinementalgorithm(Section5.1.1). Note that the initial macro-node-level k-way partitioningis obtainedby

inheriting the currentk-way partitioningof the hypergraph. Sincethis approachalwaysfocuseson optimizing the

solutionat thek-way partitioninglevel, it doesnot suffer from the limitationsof thebottom-upscheme.Moreover,

as l increases,this schemeconsidersfor swappingsuccessively smallermacro-nodes,which allows it to perform

large-scaleperturbationsatmultiplescales(asit was thecasewith thebottom-upscheme).

6 Experimental Results

We experimentallyevaluatedour multi-objective partitioningalgorithmson the 18 hypergraphsthat arepart of the

ISPD98circuit partitioningbenchmarksuite[3] (with unit area).Thecharacteristicsof thesehypergraphsareshown

in Table2. For eachof thesecircuits, we computeda 4-, 8-, 16-, 32-,and64-way partitioningsolutionusingthe

recursive bisection-basedpartitioningroutineof hMETIS 1.5.3[22] andthevariousalgorithmsthatwe developedfor

minimizingthemaximumsubdomaindegree.ThehMETIS solutionswereobtainedby usinga49–51bisectionbalance

constraintandhMETIS’s defaultsetof parameters.Sincethesebalanceconstraintsarespecifiedateachbisectionlevel,

thefinal k-way partitioningmayhave asomewhathigherloadimbalance.To ensurethattheresultsproducedby our

algorithmcanbeeasilycomparedagainstthoseproducedby hMETIS, we usedtheresultingminimumandmaximum

partitionsizesobtainedby hMETIS asthebalancingconstraintsfor ourmulti-objectivek-way refinementalgorithm.

Thequality of thesolutionsproducedby our algorithmandthoseproducedby hMETIS wereevaluatedby looking

at threedifferentquality measures,which arethemaximumsubdomaindegree,thecut, andthe averagesubdomain
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Figure5: Thevariousstepsof thetop-down aggressivemulti-phaserefinementalgorithm.
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Benchmark No. of vertices No. of hyperedges
ibm01 12506 14111
ibm02 19342 19584
ibm03 22853 27401
ibm04 27220 31970
ibm05 28146 28446
ibm06 32332 34826
ibm07 45639 48117
ibm08 51023 50513
ibm09 53110 60902
ibm10 68685 75196
ibm11 70152 81454
ibm12 70439 77240
ibm13 83709 99666
ibm14 147088 152772
ibm15 161187 186608
ibm16 182980 190048
ibm17 184752 189581
ibm18 210341 201920

Table2: Thecharacteristicsof thehypergraphsusedto evaluateouralgorithm.

degree. To ensurethe statisticalsignificanceof our experimentalresults,thesemeasureswere averagedover ten

differentrunsfor eachparticularsetof experiments.

Furthermore,dueto spaceconstraints,our comparisonsagainsthMETIS arepresentedin a summaryform, which

shows the relative maximumsubdomaindegree(RMax), relative cut (RCut), and relative averagedegree(RDeg)

achieved by our algorithmsover thoseachieved by hMETIS recursive bisectionaveragedover the entire set of 18

benchmarks.To ensurethemeaningfulaveragingof theseratios,wefirst took their log 2-values,calculatedtheirmean

µ, andthenused2µ astheir average.This geometricmeanof ratiosensuresthatratioscorrespondingto comparable

degradationsor improvements(i.e., ratiosthatarelessthanor greaterthanone)aregiven equalimportance.

6.1 Dir ect Multi-Phase Refinement

Ourfirst setof experimentswasfocusedonevaluatingtheeffectivenessof thedirectmulti-phaserefinementalgorithm

describedin Section4. Towardthis goalwe performeda seriesof experimentsusingbothformulationsof themulti-

objective problemdefinition describedin Section3.1. The performanceachieved in theseexperimentsrelative to

thoseobtainedby hMETIS’s recursive bisectioningalgorithmis shown in Table3. Specifically, this tableshows four

setsof results.Thefirst setusesthepriority-basedmulti-objective formulationwhereastheremainingthreesetsuse

Equation1 to numericallycombinethe two differentobjectives.Theobjectives werecombinedusingthreedifferent

valuesof α, namely1, 2, andk (wherek is thenumberof partitionsthatis computed).

Theresultsof Table3 show thatirrespectiveof thenumberof partitionsor theparticularmulti-objective formula-

tion, thedirectmulti-phaserefinementalgorithmproducessolutionswhoseaveragequalityalongeachoneof thethree

differentquality measuresis betterthanthe correspondingsolutionsproducedby hMETIS. As expected,the relative

improvementsarehigherfor themaximumsubdomaindegree. In particular, dependingon thenumberof partitions,

the direct multi-phaserefinementalgorithmreducesthe maximumsubdomaindegreeby 5% to 15%. The relative

improvementsincreaseasthenumberof partitionsincrease,becauseasthe resultsin Table1 showed,thesearethe
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Prioritized Combined,α = 1 Combined,α = 2 Combined,α = k

k RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg
4 0.955 0.981 0.948 0.940 0.967 0.934 0.928 0.964 0.931 0.929 0.967 0.934
8 0.890 0.967 0.913 0.877 0.947 0.892 0.886 0.952 0.897 0.881 0.959 0.906
16 0.884 0.969 0.898 0.876 0.958 0.886 0.886 0.965 0.894 0.886 0.966 0.894
32 0.865 0.967 0.886 0.874 0.959 0.874 0.871 0.963 0.877 0.870 0.964 0.878
64 0.851 0.970 0.880 0.864 0.966 0.872 0.876 0.970 0.875 0.859 0.969 0.875

Table3: DirectMulti-PhaseRefinementResults.RMax, RCut, andRDegaretheaveragemaximumsubdomaindegree,
cut,andaveragesubdomaindegree,respectively of themulti-objectivesolutionrelative to hMETIS. Numberslessthan
oneindicatethat themulti-objective algorithmproducessolutionsthathave lower maximumsubdomaindegree,cut,
or averagesubdomaindegreethanthoseproducedby hMETIS.

partitioningsolutionsin whichthemaximumsubdomaindegreeis significantlyhigherthantheaverageandthusthere

is significantlymoreroomfor improvement.

Furthermore,thedirectmulti-phaserefinementalgorithmalsoleadsto partitioningsthatontheaveragehavelower

cutandaveragesubdomaindegree.Specifically, the cuttendsto improveby1%to 4%,whereastheaveragesubdomain

degreeimproves by 5% to 13%. Finally, comparingthe differentmulti-objective formulationswe canseethat in

general,therearevery few differencesbetweenthem,with bothof themleadingto comparablesolutions.

6.2 AggressiveMulti-Phase Refinement

Ourexperimentalevaluationof theaggressivemulti-phaserefinementschemes(describedin Section5) focusedalong

two directions.First,we designeda setof experimentsto evaluatetheeffectivenessof themacro-node-level partition-

ing refinementalgorithmsusedby theseschemesandsecond,weperformedaseriesof experimentsthatweredesigned

to evaluatetheeffectivenessof thebottom-upandtop-down schemeswithin thecontext of aggressiverefinement.

6.2.1 Evaluation of Macro-nodePartitioning RefinementAlgorithms

To directlyevaluatetherelativeperformanceof thetwo refinementalgorithmsdescribedin Section5.1.1weperformed

aseriesof experimentsusingasimpleversionof theaggressiverefinementschemes.Specifically, wecomputeda2 lk-

way partitioning,collapsedeachpartitioninto amacronode,andobtainedaninitial k-waypartitioningof thesemacro

nodesusinga randomassignment.This initial partitioningwas thenrefinedusingthe two macro-nodepartitioning

refinementalgorithms—randomizedswap andhill-climbing swap. This experimentwas performedfor eachoneof

thecircuitsin ourbenchmarksuiteandtheoverallperformanceachieved by thetwo algorithmsfor k = 8, 16, 32 and

l = 1, 2 relative to thoseobtainedby hMETIS’s recursivebisectioningalgorithmis shown in Table4. Notethatfor this

setof experiments,thetwo objectivesof maximumsubdomaindegreeandcutwerecombinedusingapriority scheme,

whichusestheminimizationof themaximumsubdomaindegreeastheprimaryobjective.

Fromtheseresultswecanseethatcontraryto our initial expectations,thehill-climbing algorithmdoesnotoutper-

form therandomizedrandomized-swappingalgorithmfor all threeperformancemetrics.Specifically, in termsof the

cut (RCut)andtheaveragedegree(RDeg), thehill-climbing algorithmis superiorto therandomizedalgorithm. For

example,for l = 2 bothof thesemeasuresareover 10%betterthanthecorrespondingmeasuresfor therandomized

algorithm. However, in termsof themaximumsubdomaindegree(measuredby RMax), thehill-climbing algorithm

provideslittle advantage.In fact, its overall performanceis slightly worsethantherandomizedscheme—leadingto

solutionswhosemaximumsubdomaindegreeis about1% to 3%higherfor l = 1 andl = 2, respectively.
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RandomizedSwap
l = 1 l = 2

k RMax RCut RDeg RTime RMax RCut RDeg RTime
8 0.953 1.001 1.005 1.979 0.999 1.113 1.137 2.201
16 0.930 1.018 1.027 1.931 0.917 1.127 1.174 2.321
32 0.905 1.017 1.036 1.883 0.845 1.112 1.168 2.323

Hill-climb Swap
l = 1 l = 2

k RMax RCut RDeg RTime RMax RCut RDeg RTime
8 0.956 0.995 0.993 1.710 0.970 1.032 1.038 2.830
16 0.948 1.016 1.021 2.273 0.943 1.031 1.039 15.577
32 0.921 1.007 1.014 12.900 0.913 1.022 1.035 549.267

Table4: Analysisof randomizedvs hill-climb swapping.

Themixedperformanceof thehill-climbing algorithmandits inability to producesolutionsthathave lowermaxi-

mumsubdomaindegreesuggestthatthistypeof refinementmaynotbewell-suitedfor thestep-natureof themaximum

subdomaindegreeobjective. Sincetherearerelatively few macro-nodeswapsthataffectthemaximumsubdomainde-

gree,the priority queueusedby the hill-climbing algorithmforcesit to orderthe moves basedon their gainswith

respectto the cut(asit is thesecondaryobjective). Becauseof this, this refinementis very effective in minimizing

RCut andRDeg but it doesnot affect RMax. In fact,asthe resultssuggest,this emphasison the cutmayaffect the

ability of subsequentswapsto reducethemaximumsubdomaindegree.To seeif this is indeedthecaseweperformed

anothersequenceof experimentsin which we modifiedtherandomizedalgorithmsothatto performthemovesusing

thesamepriority-queue-basedapproachusedby thehill-climbing schemeandterminatedeachinner-iterationassoon

asthepriority queuecontainednegativegainvertices(i.e.,it did notperformany hill-climbing). Ourexperiments(not

presentedhere)showed that this schemeproducedresultswhoseRMax was worsethanthat of the randomizedand

hill-climbing approachesbut its RCutandRDeg werebetweenthoseobtainedby therandomizedandthehill-climbing

schemes—verifyingourhypothesisthatdueto thesomewhatconflictingnatureof thetwoobjectives,agreedyordering

schemedoesnotnecessarilyleadto betterresults.

Thecolumnsof Table4 labeled“RTime” shows the amountof time requiredby the two refinementalgorithms.

As expected,the randomizedalgorithmis fasterthanthe hill-climbing algorithmandits relative runtimeadvantage

improvesas thenumberof macro-nodesincreases.Dueto themixedperformanceof thehill-climbing algorithmand

its considerably highercomputationalrequirementsfor largevaluesof l, our subsequentexperimentsusedonly the

randomizedrefinementalgorithm.

6.2.2 Evaluation of Bottom-up and Top-down Schemes

Table5 shows theperformanceachieved by thebottom-upandtop-down aggressivemulti-phaserefinementschemes

for l = 1, . . . , 3, andk = 4, 8, . . . , 64 relative to thoseobtainedby hMETIS’s recursivebisectioningalgorithm.Specif-

ically, for eachvalue ofl andk, this tableshows four setsof results.Thefirst two sets(onefor thebottom-upand one

for thetop-down scheme)wereobtainedusingthepriority-basedmulti-objective formulationwhereastheremaining

two setsusedthe combiningscheme.Due to spaceconstraints,we only presentresultsin which the two objectives

werecombinedusingα = k.

From theseresults,we canobserve anumberof generaltrendsaboutthe performanceof the aggressive multi-

phaserefinementschemesandtheirsensitivities to thevariousparameters.In particular, as l increasesfrom oneto two
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l = 1

Prioritized Combined,α = k

Bottom-Up Top-Down Bottom-Up Top-Down
k RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg
4 0.927 0.990 0.958 0.911 0.956 0.929 0.904 0.972 0.941 0.897 0.957 0.927
8 0.838 0.995 0.945 0.849 0.960 0.918 0.834 0.992 0.943 0.830 0.968 0.921
16 0.787 1.005 0.942 0.811 0.980 0.928 0.795 1.000 0.935 0.812 0.991 0.934
32 0.754 0.993 0.923 0.762 0.984 0.913 0.758 0.991 0.917 0.795 0.989 0.921
64 0.724 0.996 0.916 0.738 0.988 0.910 0.721 0.993 0.905 0.749 0.992 0.911

l = 2

Prioritized Combined,α = k

Bottom-Up Top-Down Bottom-Up Top-Down
k RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg
4 0.938 1.021 0.991 0.901 0.943 0.917 0.905 0.992 0.963 0.883 0.956 0.924
8 0.825 1.046 1.004 0.822 0.964 0.922 0.814 1.041 1.001 0.806 0.974 0.926
16 0.749 1.049 1.008 0.761 0.997 0.943 0.751 1.048 1.003 0.761 1.013 0.952
32 0.693 1.041 0.991 0.704 1.000 0.936 0.689 1.033 0.976 0.728 1.017 0.945
64 0.654 1.040 0.983 0.664 1.007 0.934 0.652 1.041 0.974 0.704 1.018 0.937

l = 3

Prioritized Combined,α = k

Bottom-Up Top-Down Bottom-Up Top-Down
k RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg
4 1.007 1.121 1.091 0.899 0.953 0.927 0.950 1.058 1.029 0.877 0.950 0.919
8 0.848 1.119 1.088 0.815 0.974 0.931 0.842 1.109 1.073 0.796 0.982 0.934
16 0.759 1.101 1.070 0.748 1.000 0.945 0.754 1.077 1.034 0.759 1.022 0.966
32 0.697 1.095 1.059 0.682 1.006 0.943 0.700 1.064 1.010 0.722 1.023 0.954
64 0.701 1.100 1.052 0.645 1.012 0.941 0.663 1.066 1.006 0.683 1.024 0.945

Table5: Aggressive Multi-PhaseRefinementResults.RMax, RCut, andRDeg aretheaveragemaximumsubdomain
degree,cut, andaveragesubdomaindegree,respectively of themulti-objective solutionrelative to hMETIS. Numbers
lessthanone indicatethat the multi-objective algorithmproducessolutionsthat have lower maximumsubdomain
degree,cut,or averagesubdomaindegreethanthoseproducedby hMETIS.

(i.e., eachpartition is furthersubdividedinto two or four parts),theeffectivenessof themulti-objective partitioning

algorithmto producesolutionsthat have lower maximumsubdomaindegreecomparedto the solutionsobtainedby

hMETIS, improves.In general,for l = 1, themulti-objectivealgorithmreducesthemaximumsubdomaindegreeby 7%

to 28%,whereasfor l = 2, thecorrespondingimprovementsrangefrom 6% to 35%. However, theseimprovements

leadto solutionsin which the cutandthe averagesubdomaindegreeobtainedfor l = 2 aresomewhat higherthan

thoseobtainedfor l = 1. For example,for l = 1, the multi-objective algorithmis capableof improving the cut

over hMETIS by 0% to 4%,whereasfor l = 2, themulti-objectivealgorithmleadsto solutionswhosecut is up to 5%

worsethanthoseobtainedby hMETIS. Notethat theseobservationsareto a largeextentindependentof theparticular

multi-objectiveformulationor themethodusedto obtaintheinitial macro-node-level partitioning.

For thereasonsdiscussedin Section5.2,thetrendof successive improvementsin themaximumsubdomaindegree

doesnot hold for the bottom-upschemeany more for l = 3. In particular, the improvementsin the maximum

subdomaindegreerelative to hMETIS arein therangeof 0%–35%,which aresomewhatlower thanthecorresponding

improvementsfor l = 2. On theotherhand,thetop-down schemeis ableto furtherreducethemaximumsubdomain

degreewhenl = 3, leadingto resultsthatare10%to 36%lower thanthecorrespondingresultsof hMETIS. Notethat

this trendcontinuesfor highervaluesof l aswell (dueto spaceconstraintstheseresultsarenot reportedhere).These

resultssuggestthatthetop-down schemeis betterthanthebottom-upschemefor largevaluesof l. However, a closer
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DirectScheme Aggressive Schemes
Bottom-Up Top-Down

k l = 1 l = 2 l = 3 l = 1 l = 2 l = 3

4 1.431 2.081 2.794 3.809 2.139 3.374 5.785
8 1.399 2.151 2.990 3.924 2.505 3.520 5.561
16 1.397 2.029 3.018 3.584 2.355 3.462 5.418
32 1.450 2.018 2.763 3.599 2.548 4.078 5.627
64 1.535 2.060 3.067 4.522 2.979 4.025 6.103

Table6: Theamountof timerequiredby themulti-objectivealgorithmsrelative to thatrequiredby hMETIS.

inspectionof theresultsrevealsthat for l = 1 andl = 2 andlargevaluesof k, thebottom-upschemeactuallyleads

to solutionsthanaresomewhatbetterthanthoseobtainedby thetop-down scheme.We believe thatthis is dueto the

factthatfor smallvaluesof l, themacro-nodepairingschemeusedby thebottom-upschemeto derivethemacro-node

level k-way partitioning(that takesinto accountall possiblepairingsof macro-nodes),is inherentlymorepowerful

thanmacro-node-level refinementusedby thetop-down scheme.Thisbecomesmoreevidentfor largevaluesof k, for

which thereis considerablymoreroomfor alternatepairings—resultingin relatively betterresults.

6.3 Comparisonof Dir ectand AggressiveMulti-phase RefinementSchemes

Comparingtheresultsobtainedby theaggressive multi-phaserefinementwith thecorrespondingresultsobtainedby

the direct multi-phaserefinementalgorithm(Tables5 and3), we canseethat in termsof the maximumsubdomain

degree,theaggressiveschemeleadsto substantiallybettersolutionsthanthoseobtainedby thedirectscheme,whereas

in termsof the cutandtheaveragesubdomaindegree,thedirectschemeis superior. Theseresultsarein agreementwith

thedesignprinciplesbehindthesetwo multi-phaserefinementschemesfor themulti-objective optimizationproblem

at hand,andillustrate that the former is capableof makingrelatively large perturbationson the initial partitioning

obtainedby recursivebisectioning,aslongastheseperturbationsimprovethemulti-objectivefunction.In general,the

aggressivemulti-phaserefinementschemewith l = 1, dominatesthedirectscheme,asit leadsto betterimprovements

in termsof maximumsubdomaindegreeandstill improvesover hMETIS in termsof cutandaveragedegree.However,

if thegoalis to achieve thehighestreductionin themaximumaveragedegree,thentheaggressiveschemewith l = 2

shouldbethepreferredchoice,asit doesso withrelatively little degradationon thecut.

6.4 Runtime Complexity

Table6 shows theamountof time requiredby thevariousmulti-objective partitioningalgorithmsusingeither direct

or aggressive multi-phaserefinement.For eachvalue ofk andparticularmulti-objective algorithm,this tableshows

the total amountof time thatwas requiredto partitionall 18 benchmarksrelative to theamountof time requiredby

hMETIS to computethecorrespondingpartitionings.Fromtheseresultswe canseethatthemulti-objectivealgorithm

thatusesthedirectmulti-phaserefinementis theleastcomputationallyexpensiveandrequiresaround50%moretime

thanhMETIS does.Ontheotherhand,thetimerequiredby theaggressivemulti-phaserefinementschemesis somewhat

higherandincreaseswith thevalue ofl. However, even for theseschemes,their overall computationalrequirements

arerelatively small. For instance,in thecaseof thebottom-upscheme,for l = 1 andl = 2 (thecasesin which it led

to the bestresults)it only requirestwo andthreetimesmoretime thanhMETIS, respectively; andin the caseof the

top-down schemeits runtimeis two to six timeshigherthanthatof hMETIS asl increasesfrom oneto three.
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7 Conclusions

In this paperwe describeda family of multi-objective hypergraphpartitioningalgorithmsfor computingk-way par-

titioningsthatsimultaneouslyminimizethe cutandthemaximumsubdomaindegreeof theresultingpartitions.Our

experimentalevaluationshowedthatthesealgorithmsarequiteeffective in optimizingthesetwo objectiveswith rela-

tively low computationalrequirements.Thekey factorcontributing to thesuccessof thesealgorithmswas theidea of

focusingonthemaximumsubdomaindegreeobjectiveonceagoodsolutionwith respectto the cuthasbeenidentified.

We believe thatsucha framework canbeappliedto a numberof othermulti-objectiveproblemsinvolving objectives

thatarereasonablywell-correlatedwith eachother.

Themulti-objectivealgorithmspresentedherecanbeimproved furtherin anumberof directions.In particular, our

resultsshowedthattheaggressivemulti-phaserefinementapproach,especiallywhendeployedin a top-down fashion,

is verypromisingin reducingthemaximumsubdomaindegree.Within this framework,ourexperimentsrevealedthat

dueto thestep-natureof themaximumsubdomaindegreeobjective, thehill-climbing macro-noderefinementalgorithm

is not significantlymoreeffective than the randomizedswappingalgorithmin reducingthe maximumsubdomain

degree.Developingcomputationallyscalablerefinementalgorithmsthatcansuccessfullyclimb out of local minima

for this type of objectives is still an openresearchproblemwhosesolutioncanleadto even betterresultsboth for

thepartitioningproblemaddressedin this paperaswell asotherobjective functionsthatsharesimilar characteristics.

Also,ourworksofar wasfocusedonproducingmulti-objectivesolutions,whichsatisfythesamebalancingconstraints

asthoseresultingfrom the initial recursive bisectioningbasedsolution. However, additionalimprovementscanbe

obtainedby relaxingthelower-boundconstraint.Ourpreliminaryresultswith suchanapproachappearspromising.
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